We study the vacuum polarization of a massive scalar field φ with arbitrary coupling to gravity in pointlike global monopole spacetime. Using Schwinger-DeWitt proper time formalism, we calculate the vacuum expectation value < φ 2 >, when the Compton length of the quantum field is much less than the characteristic radius of the curvature of the background geometry, and we can ignore nonlocal contributions. Explicit analytic expressions are obtained for a general curvature coupling parameter, and specified to the more physical cases of minimal and conformal coupling.
I. INTRODUCTION
The General Theory of Relativity and Quantum Theory are two fundamental pillars of modern physics, which have resulted monuments of human knowledge with solidly established foundations. The General Theory of Relativity allows us to describe the cosmos, from quasars to black holes [1] . In contrast, Quantum Theory describes the phenomena of the microworld, from atoms to quarks. Both theories have, in their scale of application, the highest reputation, thanks to their enormous predictive power.
Unfortunately, when you try to apply together to the description of the microworld, serious problems arise. All attempts to develop a conceptual framework where the General Theory of Relativity and Quantum Theory are part of a unified theory, have failed so far, so the search for a quantum theory of gravity is currently an exciting subject of enormous scientific interest.
However, at the beginning of quantum theory, some of the typical problems addressed included the interaction of microscopic systems, such as atoms and electrons, with external physical fields, such as electric and magnetic fields. In the absence of a complete quantum theory of fields, these problems were addressed considering these external fields as completely classical, while the atoms were described using quantum mechanics. This semiclassical approach allowed to obtain interesting results on the behavior of matter at the microscopic level in the presence of external fields. We can mention the basic descriptions of the Zeeman and the Stark effects as relevant examples. Therefore, it is reasonable to think that there may be a similar regime, in which the influence of gravitation on microscopic phenomena could be analyzed. Such a semi-classical approach, initiated in Hawking's pioneering work on the radiation of black holes, is known as Quantum Field Theory in curved spacetimes, and is analogous to that used in the early years of quantum theory to address the problems mentioned above. In this approach, all matter fields, except the gravitational one, are described using quantum field theory. The gravitational field, on the other hand, is described using the general theory of relativity [2] [3] [4] .
In Quantum field theory in curved space-times, also called semiclassical gravity, the physical magnitudes of greatest interest to be determined are the quantum stress-energy tensor of the quantized fields, < T µν > and the expectation value of the square of the quantum field, or vacuum polarization < φ 2 >, where φ is the quantum field amplitude. The vacuum polarization < φ 2 > provides information about spontaneous symmetry breaking in a given background spacetime, and can be used to determine the trace of < T µν > for conformally coupled scalar fields. Also, being often computed with much less effort than the stress energy tensor operator, also gives qualitative information about this quantity. The stress energy tensor of the quantum field enters as a source in the semiclassical Einstein equations that can be solved providing insight into the ways in which quantum fields can affect the spacetime background [4] [5] [6] .
However, the exact determination of < φ 2 > and < T µν > in the general case is a very difficult task, and consequently there exist in the literature several approaches to obtain this quantity, including numerical ones [7, 8, 10-15, 17-19, 23 ]. An important case in which there exist an analytic approximation to < φ 2 > and < T µν > is the related with massive fields. This approach, based on the Schwinger-DeWitt expansion of the Greenś function of the dynamical operator that describes the evolution of the quantum field, gives good approximation whenever the Compton's wavelenght of the field is less than the characteristic radius of curvature [3, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In the Schwinger-DeWitt approach, to determine < T µν > we need to functionally differentiate the effective action with respect to the metric tensor, wich is a very difficult task. However, the calculation of the vacuum polarization only requires the use the Green function.
In this paper we will focus on the determination of the vacuum polarization of a quantized massive scalar field, with arbitrary coupling to the background gravitational field of a pointlike global monopole, whose line element was discovered by Barriola and Vilenkin [20] .
Monopoles are interesting systems to be considered because they constitute heavy objects formed in the early universe as a result of a phase transition of a system consisting of a selfcoupled scalar field triplet whose original global O(3) symmetry is spontaneously broken to U(1). The scalar field plays the role of order parameter which acquires a nonvanishing value outside the monopole core, in which the main part of the monopole's energy is concentrated.
This is a first step in the investigation of vacuum polarization effects in this spacetime using the Schwinger-DeWitt approach. Previous works devoted to the quantization of quantum fields global monopole spacetime includes the analysis of massless scalar fields [21, 22, 24] , and the determination of the quantum stress energy tensor for a massless spinor field [25, 26] .
The paper is organized as follows. In Section II we give a brief description of the spacetime that describes a pointlike global monopole, presenting the line element that will be used as the background to find the vacuum polarization. Section III is devoted to the construction of φ 2 for a massive scalar field in a general gravitational spacetime in terms of the Hadamard-DeWitt coeficients up to the next to next to next to leading term a 5 in four dimensions. Explicit analytic results for the vacuum polarization in the spacetime of a pointlike global monopoles are presented and discussed in Section IV, whereas Section V contains our concluding remarks and some perspective about future works on this subject.
II. THE BACKGROUND
Barriola and Vilenkin analysed a simple model which gives rise to a global monopole.
The Langrangian density for the model is [20] 
where, for a typical grand unified theory the parameter η is of order 10 16 Gev. Considering the equations derived from the above Lagrangian density and the Einstein equations, we obtain the spherically symmetric solution:
where A(r) is given by
far from the monopole's core, and M is the mass parameter. Neglecting this mass term we obtain the metric of the pointlike global monopole,
where the parameter α 2 = 1 − 8πη 2 .
If we re-scale the time and radial variable in the above metric as τ = αt and ρ = r α we obtain the line element
This particular form of the line element for the global monopole, allow us to see a peculiarity of this spacetime, that is a solid angle deficit, which is the difference between the solid angle in the flat spacetime 4π and the solid angle in the global monopole spacetime which is given by 4πα 2 . When the parameter α < 1 imply a solid angle deficit whereas α > 1 imply solid angle excess. As the physical value for α predicted by field theory is smaller than unit, then we have a solid angle deficit for the global monopole spacetime.
An interesting fact derived from the line element (4) is that the geometry around the global monopole has non-vanishing curvature, whereas this heavy object has no Newtonian gravitational potential, and consequently exerts no gravitational force on the matter around it, apart from the tiny gravitational effect due to the core. This gives a divergent mass for the monopole, proportional to the distance from monopole origin [20] .
In [27] , the fact that, although the global monopole has no Newtonian gravitational potential, it gives enormous tidal acceleration a ∼ 1/r 2 , was considered in the cosmological context to obtain an upper bound on the number density of them in the Universe, which is at most one global monopole in the local group galaxies. However, in [28] , was showed using numerical simulations that the real upper boundary is smaller by many orders than that derived by Hiscock in [27] , as they find scaling solution with a few global monopoles per horizon volume.
III. φ 2 CONSTRUCTED USING SCHWINGER-DEWITT EXPANSION
In this section we construct the vacuum polarization φ 2 for a massive scalar field with mass µ and arbitrary coupling to an arbitrary gravitational background with metric tensor g µν , using the Schwinger-DeWitt approach. We mainly follow the simple derivation given by
Matyjasek and Tryniecki in reference [29] . The massive scalar field satisfy the Klein-Gordon equation
where ξ is the coupling constant and R is the Ricci scalar.
The vacuum polarization in the background spacetime is defined as [21] 
where G F (x, x ′ ) is the Feynmann Green's of equation (6) . As this object diverges when x ′ → x, we need to regularize it. For this reason, in the following we use the Schwinger-DeWitt proper-time formalism which assumes that G(x, x ′ ) is given by
where
s is the proper time and the biscalars a k (x, x ′ ) are called Hadamard-DeWitt coefficients. Also ∆(x, x ′ ) is the Van-Vleck-Morette determinant and the biscalar σ(x, x ′ ) represent one-half of the geodetic distance between the spacetime points x and x ′ .
Defining the regularized biscalar A reg (x, x ′ ; is) as
we can put, in Eq. (8),
, which gives finally the regularised four dimensional Green's function G reg (x, x ′ ) as:
Calculating the integral (11) by making the substitution µ 2 → µ 2 − iε (ε > 0) [29] , and putting the obtained result in (7) we have the regularised field fluctuation φ 2 N reg :
where a k = lim x ′ →x a k (x, x ′ ) are the coincidence limits of the Hadamard-DeWitt biscalars and the upper sum limit, N, gives the order of the Schwinger-DeWitt approximation in φ 2 N reg . We expect that if the Compton length associated with the field λ c , is less than the characteristic radius of the curvature of the background geometry, L, then he leading term in (12) , proportional to the inverse of the squared field's mass, gives a reasonable approximation to φ 2 .
The inclusion of higher terms in the above expansion will be always well motivated, in order to obtain a value for the field fluctuation closely to the exact value of this quantity.
In the rest of the paper our aim is to take into account in (12) terms up to the next to next to next to leading order, which imply the calculation of the coincidence limit of the Hadamard-DeWitt coefficients up to [a 5 ].
A. Hadamard-DeWitt coefficients
As we see from (12) , the main task for the calculation of the vacuum polarization is the determination of the coincidence limit of the Hadamard-DeWitt biscalars a k (x, x ′ ), that satisfy the recurrence equation
with the boundary condition a 0 (x, x ′ ) = 1.
Up to now, there are some previous works that give this coefficients up to order k = 5 [3, 11, 30, 31, 33] . In this work, we used the transport equation approach of Ottewill and
Wardell [31] , and obtained general expressions for the coincidence limit of the HadamardDeWitt coefficients up to a 5 , by solving the transport equations given in [31] using the software package xAct for Wolfram Mathematica [32] . Then we have the results a 0 = 1,
R, and, up to N = 5:
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We checked that the above general results coincide with those reported in references [31, 33] . As we can see, Hadamard-DeWitt coefficients are extremely complicated local expressions constructed from the Riemmann tensor, their covariant derivatives, and contractions. However, the fact that the above results are valid for a generic spacetime, being static, stationary or non-stationary, gives rise to the possibility of use them to obtain relatively simple expressions for the field fluctuation of quantum massive scalar field in spacetimes with higher degree of symmetry.
As we can see from the structure of the coincidence limits of Hadamard-DeWitt coefficients above, they are local geometric terms that depends of the coupling constant ξ and the parameters that describe the geometry of the gravitational background. For the pointlike global monopole spacetime, the only parameter that characterizes the geometry of the manifold is that of which depends the angle deficit factor, i.e, α. Then, we expect that the vacuum polarization let be a function of ξ, α and the distance r from the monopole core.
IV. VACUUM POLARIZATION IN POINTLIKE GLOBAL MONOPOLE SPACE-TIME A. General results
Evaluating the general formulas obtained in the spacetime background of a pointlike global monopole (4) we obtain simple results for the coincidence limits of the Hadamard-
The above expressions show that all the geometric coefficients [a k ] are decreasing functions of the distance r to monopole's core. Substituting (18) to (28) in (12), we can obtain analytic formulae for the field fluctuation < φ 2 > reg that describes vacuum polarization, for arbitrary values of the coupling parameter ξ, in the pointlike global monopole spacetime.
At this point we distinguish four main approximations. The leading approximation φ
is obtained evaluating the first term in (12) , that is proportional to the coefficient a 2 , and to the inverse squared mass of the scalar field:
For the pointlike global monopole spacetime the result is
Higher order terms includes higher Hadamard-DeWitt coefficients and higher powers of the squared inverse mass of the field. The next to leading term φ 2 (2) includes a 2 and a 3 , and is given by
which results for the pointlike global monopole background
The next to next to leading approximation for the field fluctuation φ 2 (3) includes also a 4 :
The result is
where the coefficients κ jk (α, µ) that are non zero are given by An interesting result that we can see from Figure 1 is that for each of the approximations, there exist some critical value of the coupling constant at which the field fluctuation vanishes, becoming negative for values greater than this critical value. However, the vacuum polarization is always positive for the minimal and the conformally coupled case.
In the following we shall confine ourselves to the physically important cases of minimally and conformally coupled scalar fields. 
The next to leading approximation results
The next to next to leading term is given by (34) with j = 1, 2, 3 and the coefficients in (35)-(37), whereas the next to next to next to leading approximation is given by 49 with j = 1 to j = 6 with coefficients given by formulas 50 to 56 respectively.
In Figure 2 we show the dependance of the vacuum polarization with the distance r to monopole's core, for the four main approximation studied in this paper. As we can see, the field fluctuation decreases from the monopole's core, with φ 2 (k) min → 0 as r → ∞. The most important thing to be noted is the different results that produced all the considered approximation, because each term corresponding to a higher approximation considerably modifies the result of the previous one. This is similar to the result encountered for the dependance of the vacuum polarization with the coupling parameter ξ. This again is in contrast with previous calcultions in spherically symmetric spacetimes, specifically in the line element describing a Reissner-Nordstrom black hole, for which Matyjasek et. al find that the next to next to leading approximation differ only slightly from the next to leading one, an indication that the the changes in the field fluctuation produced by [a 4 ] are relatively small [33] .
For the case of global monopole spacetime, it seems that the situation is completely different. Not only the next to next to leading term differ considerably from the next to leading one, also the same happens with the more higher next to next to next to leading term with respect to the previous one. All the above indicates that for the minimally coupled massive scalar field in the background of a pointlike global monopole we need to consider at most the first four terms in the expansion 12,to provide a good approximation to the real value of the field fluctuation.
C. Conformal coupling
For conformal coupling we have ξ = 1 6 , which gives as the leading approximation to the vacuum polarization the result:
For the next to leading approximation we obtain
The next to next to leading approximation is given by where
and
From the above expressions, we see that for the conformally coupled case, the field fluctuation is also a decreasing function of the distance r from monopole's core, vanishing for large values of r. A strong similarity with the minimally coupled case is appreciated from Figure 3 , when we plot the quantity Λ = 16π 2 φ
conf as a function of r using the values µ = 2, and 1 − α 2 = 10 −5 for the parameters involved in the calculations.
As we can observe, a conformally coupled massive scalar field have field fluctuation strongly dependent of the approximation used. Again the approximation φ 2 (4) conf differ considerably from the next to next to leading term φ 2 (3) conf , and this two approximations also differs from the leading and the next to leading ones. This is a strong indication of the necessity to take into account the coincidence limits of the Hadamard-DeWitt coefficients up to [a 5 ], to get a good approximation for the vacuum polarization.
V. CONCLUDING REMARKS
In this paper we set ourselves the objective of constructing the approximate field fluctuations, for a quantized massive scalar field in the space-time of a pointlike global monopole.
Using the Schwinger-DeWitt expansion for the Green's function associated with the KleinGordon dynamical operator, we find analytical expressions for the vacuum polarization, as an expansion in powers of inverse squared mass of the field.
The different approximations constructed go from the leading one, proportional to µ −2 , being µ the mass of the scalar field, up to terms involving the powers µ −8 , which form which we called the next to next to next to leading approximation for φ 2 . The leading term is proportional to the coincidence limit of the Hadamard-DeWitt coefficient [a 2 ], whereas the higher order term considered in this work is proportional to [a 5 ].
Although the Hadamard-DeWitt coefficients are extremely complicated local expressions constructed from the Riemmann tensor, their covariant derivatives, and contractions, in this work we show that, in the case of spacetime associated with a global monopole, these expressions are considerably simplified, giving place to relatively simple results.
The results obtained for the field fluctuations of the quantized massive scalar field in the global monopole background shows that taking into account higher order terms substantially improve the approximation. We concluded that for this spacetimes, we need to use the next to next to next to leading term to obtain a good description of the vacuum polarization.
This situation is in contrast with that obtained for other spacetimes with spherical symmetry, as the one describing a Reissner-Nordstrom black hole, for which previous studies showed that the next to leading term, proportional to [a 3 ], provides a reasonable good approximation.
Our calculations constitutes a first step in the study of vacuum polarization of massive 
This derivation of the above result involve much less effort in comparison with the calculation of the components of the stress energy tensor by functional derivation of the effective action with respect to the metric tensor, and the subsequent summation of diagonal entries of this quantity, and 85 can be useful to check the results of that type of calculation.
Another interesting problem arise when considering the backreaction effects of the quantized massive fields upon the spacetime geometry around the monopole. In future reports we will address also this specific problems.
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